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Research on teacher knowledge and beliefs in mathematics has a long history (Philipp, 2007). 
However, research on teacher knowledge and beliefs with respect to process-related thinking is 
relatively new. Even though studies have been conducted in this area, especially regarding proof 
and proving, most did not focus on primary grade teachers’ knowledge and beliefs. Moreover, when 
researching mathematical knowledge and beliefs on process-related mathematical thinking, an 
adequate methodological tool is still an issue of concern. The goals of this paper are twofold: (1) to 
present an alternative approach to capture mathematics teacher conceptions on the basis of Kelly’s 
(1955) theory of personal constructs, and (2) to discuss a design of a repertory grid to research 
primary grade teacher conceptions of argumentation. In the end, we discuss the potential of 
repertory grids as a tool to grasp teacher conceptions on process-related thinking in general. 
Keywords: Teacher conceptions, process-related mathematical thinking, semi-structured 
interviews, repertory grid, elementary school teachers. 
Introduction 
Process-related competences, such as argumentation and problem solving are essential for learning 
mathematics. When introducing habits of mind in an educational context, Cuoco, Goldenberg, and 
Mark (1996) highlight amongst others these activities for mathematics classroom. They argue that 
in school mathematics specific results are of little importance in contrast to habits of mind as used 
by mathematicians and that teachers should help students to “learn and adopt some of the ways that 
mathematicians think about problems” (Cuoco et al., 1996, p. 376). As teachers play a vital part in 
enabling this type of learning, it is necessary to understand their practices. Consequently, examining 
teacher knowledge, beliefs, and identity is a relevant research focus. Similarly, at CERME9, the 
TWG20 on teacher knowledge, beliefs and identity underpinned this claim. Moreover, as a group 
they considered these areas “as the core of a teacher’s practices, with each area influencing and 
being influenced by others” (Ribeiro, Aslan-Tutak, Charalambous, & Meinke, 2015, p. 3178). 
As outlined in Philipp (2007), plethora of research in the area of affective domain has been 
conducted, where the focus primarily lied on mathematics as a subject or on specific content areas. 
When focusing on process-related mathematical thinking, teacher beliefs about proof and proving 
are dominant research areas, but merely consider secondary and tertiary education (e.g., Conner, 
Edenfield, Gleason, & Ersoz, 2011). Investigating more specifically teachers’ actions, the case 
analysis by Ayalon and Even (2016) showed how teachers’ understanding of mathematical 
argumentation influenced their way of teaching, pointing out how opportunities of engaging 
students in argumentative activities are made available, and shaped by the teacher. In primary 
education, researchers have shown that teachers play an important part in initiating argumentative 
  
processes and determine how students participate in these processes in class (e.g., Forman, 
Larreamendy-Joerns, Stein, & Brown, 1998). Thus, it is vital to understand teacher conceptions of 
argumentation, as discussed as well by Ayalon and Naama in this TWG20 at CERME11. Extending 
the research from secondary to primary education seems appropriate and beneficial. 
In this direction, we conducted an exploratory case study guided by the question what conceptions 
primary grade teachers hold specifically with respect to mathematical argumentation (Klöpping & 
Kuzle, 2018). For that purpose, we developed a guideline for a semi-structured interview. Although 
the exploratory study already yielded some noteworthy results, such as that mathematical 
argumentation was seen by the teachers as processes of understanding or as a tool for critical 
analysis of results, the instrument needs to be revised in order to facilitate the comparison between 
teachers, and to make it feasible for larger samples. Furthermore, the connection between the 
teachers’ conceptions and their classroom practice should be emphasized in order to understand this 
multi-faceted phenomenon better. 
On the foundation of our case study (Klöpping & Kuzle, 2018), we present an alternative 
methodological approach for exploring teacher conceptions of process-related mathematical 
thinking, and discuss this approach in the following. The article contributes to the demand to 
highlight the connection between “aspects of mathematics teaching and learning” and “teachers’ 
intertwined knowledge” (Ribeiro et al., 2017, p. 3221). 
A few remarks on researching teacher knowledge and beliefs 
In 1992, Thompson coined the term conception as “a general notion or mental structure 
encompassing beliefs, meanings, concepts, propositions, rules, mental images, and preferences” 
(Philipp, 2007, p. 259). The distinction between knowledge and beliefs is not made very clear, 
therefore, the term conceptions arose which acknowledges the important relationship between these 
two mental structures and combines both notions (Philipp, 2007). Researching these mental 
structures, especially beliefs, Philipp (2007) found generally two methodological approaches to be 
present: studies following a case analysis approach and research using assessment instruments. The 
latter includes surveys using Likert-type scale to measure mathematical beliefs and testing theory, 
whereas the former approach used for building theory is more common (Philipp, 2007). Both 
approaches use a wide variety of research instruments exploring “beliefs about students’ 
mathematical thinking, about curriculum, and about technology” as the “three major areas” 
(Philipp, 2007, p. 281). 
Research on teacher beliefs about process-related mathematical thinking started in the domain of 
proof and proving (e.g., Conner et al., 2011; Knuth, 2002). When referring to other process-related 
competences, research on teacher knowledge and beliefs can be found within the teaching of 
conjecturing and argumentation (e.g., Bergquvist, 2005; Katsh-Singer, McNeill & Loper, 2016). 
Following this line of research, we explored teacher conceptions (knowledge and beliefs) regarding 
mathematical argumentation in German primary education using semi-structured interviews 
(Klöpping & Kuzle, 2018). Questions within the interview guide concerned either argumentation in 
the field of mathematics (e.g., What purpose does argumentation serve in mathematics?) or 
argumentation in the context of teaching (e.g., How do you envision the role of argumentation in 
  
your classroom? How important is it for you?). However, we found comparing the teachers’ 
conceptions and connecting these conceptions with their classroom practice as unnecessarily 
difficult, leading to a search for alternative research methods. 
An alternative approach to mathematics teacher conceptions research 
In 1955, Kelly introduced the term personal constructs and thought of them as a way for individuals 
to describe their personality and their surroundings in terms of how some subjects, objects or 
situations equal one another and are yet different from other things. The constructs are labeled as 
“personal” because they vary from person to person. This mirrors Kelly’s interest in individual 
aspects of self-concepts and the social perception of individuals (Westmeyer, Weber, & Asendorpf, 
2014). On the foundation of this psychological cognitive theory, Kelly (1955) derived an instrument 
– the so-called role construct repertory test (or shorter repertory grid) – that can give insight into 
personal constructs which indicate how individuals think, act, and feel. This approach can be seen 
as a methodology for mapping cognitive structures, which includes shared and unique elements of 
persons’ cognitive systems (Kelly, 1955; Tan & Hunter, 2002). 
In praxis, a repertory grid is a technique employed within an interview. On the basis of the 
interview’s topic, elements are selected first. This selection is an essential part of a grid as it defines 
the underlying material. Grounded on Kelly’s theory of personal constructs, the nature of these 
elements always permits that a pair of elements can either be differentiated or be seen as equal 
when examined through personal constructs. A repertory grid finally establishes a link between all 
elements and the personal constructs which came up during the interview. Applying it as an 
instrument for research in mathematics education demands careful deliberation of these 
components. 
Elements in a repertory grid should belong to the same category to ensure that elicited or given 
constructs are applicable to all elements. This call for homogeneity does not mean that there should 
not be distinctive or contrasting pairs of elements. Quite the opposite, it should be thought of a 
representative coverage including contrasts to allow for a wide range of constructs (Easterby-Smith, 
1980). Additionally, Easterby-Smith (1980) implies that all interviewees should be “able to relate 
directly to the elements specified” (p. 4). 
Constructs are utilized to attribute characteristics to elements helping to distinguish between them 
and reveal how the elements differ according to the subjects understanding. Eliciting constructs 
from triads of elements is, according to Easterby-Smith (1980), the classical approach of generating 
constructs where the subject has to state “in what way two of the elements [in a triad] are alike and 
in what way the third element is different from the other two” (p. 6). In this process, a construct 
with two opposing poles is produced followed by a new selection of elements for the next triad.  
As far as the linking mechanism is concerned two general options are on hand: rating or ranking 
elements. Ranking forces the participants to differ between elements regarding a certain construct 
even if they see no difference. This is why rating scales are common and most often used varying 
from dichotomous scoring to five, seven or even more point scales (Tan & Hunter, 2002). 
Nowadays, technology allows for more subtle grading why a visual analog scale could as well be a 
viable option, but it has, to our knowledge, never been used in a repertory grid. 
  
Philipp (2007) points out that cognitive structures, such as knowledge, beliefs and attitudes are 
intertwined. Since a repertory grid does not explore these areas separately, but in a more holistic 
manner, we see great potential to the field of knowledge and beliefs research. Upon this 
methodological consideration, a design of a repertory grid in the context of process-related 
mathematical thinking exemplified through argumentation will be elaborated in the following 
section. 
Design of a repertory grid on conceptions of argumentation 
As noted earlier, in our exploratory case study with three German primary grade teachers we 
employed a guideline for a semi-structured interview as a data collection tool (Klöpping & Kuzle, 
2018). Taking into consideration the discussed perspective on researching mathematics teacher 
conceptions, re-thinking the nature of the interview guide may be beneficial. To explore in this way 
teacher knowledge and beliefs from a different angle, a repertory grid will be integrated in the 
existing guideline. The integration of Kelly’s ideas should be rather thought of as a methodological 
synergy than a rejection of established approaches.  
Within the conducted exploratory case study, the interviewees were asked to evaluate fictional 
student explanations. We identified this section as a promising part to integrate a repertory grid. 
First, the participants were shown the following mathematical statement: For any positive integers a 
and b, if a + b is an odd number, then one of a or b is an odd number and the other is an even 
number. Then, fictional student arguments which underpin the mathematical statement were 
presented asking the participants to discuss these by referring to the following guiding questions: 
• What do you think of this argument? 
• Would you expect this argument from an elementary school student? 
• Do you think this argument would convince elementary school students? Why or why not? 
The teachers’ answers show significant shreds of evidence to explain what their beliefs on 
mathematical argumentation, their knowledge, and their expectations for classroom interaction and 
implementation of argumentation are. Herein, distinct functions of argumentative structures in the 
classroom were emphasized by the teachers. In the interviews, mathematical argumentation was 
seen as processes of understanding, as practical knowledge, as a tool for critical analysis of results, 
and as supportive for self-reflection among other (Klöpping & Kuzle, 2018). Nevertheless, the 
approach missed the opportunity to link and relate the teachers’ perspectives on the fictional student 
explanations to one another. Difficulties arose as well when the teachers’ evaluations of the student 
explanations were compared among each other. At this exact point, we see potential in the 
application of a repertory grid to better understand teacher conceptions of argumentation. 
The evaluative section on fictional students’ arguments can be changed into the format of a 
repertory grid. First, the teachers are shown the mentioned mathematical statement on parity and 
develop their own argument, which will be used as one element. Then they are asked to discuss the 
students’ arguments applying the method of a repertory grid. Table 1 shows exemplified 
components of such a grid where the fictional student explanations from the former guideline still 
exist, but are now supplied as elements instead. Evaluation and discussion of all arguments within a 
repertory grid needs Kelly’s personal constructs. Each construct (see Table 1 on the left) has a 
  
counterpart: a contrast (on the right). For example, a teacher could describe an argument as 
“mathematically correct” whereas on the opposite side of the same scale other arguments can be 
seen by that teacher as “improper”. The exemplified linking mechanism includes a dichotomous 
scoring and a five-point rating scale. 
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Table 1: Example layout of a repertory grid on argumentation with different linking mechanisms 
As elements relate directly to the topic of the interview, they should be the starting point when 
thinking about the design of a grid. Easterby-Smith (1980) recommends to use a small grid with 
clearly specified elements. Selecting elements can be done by supplying them, by providing 
descriptions of roles or situations, or by discussing the research topic with the subject and choosing 
elements jointly (Easterby-Smith, 1980). In our suggestion above, elements will mainly be supplied 
as all fictional students’ arguments are determined in advance. This supplement of elements is 
adequate as it securely allows for interpersonal comparison, which requires the elements in all grids 
to be equal or at least to be equivalent. 
Given that the elements are to be fictional students’ arguments and that all elements together should 
reach representative coverage, a theoretical foundation for the supplied elements is needed. 
Balacheff (1988) introduced a taxonomy of proofs and proving, namely naive empiricism, crucial 
experiment, generic example and thought experiment. Further elaboration of this theory showed that 
it helps as well to distinguish types of arguments (Reid & Knipping, 2010). For the elements in a 
repertory grid on conceptions of argumentation these categories can be used and we suggest that 
each one is covered at least by one element to ensure that they incorporate all important types of 
arguments. 
We present two fictional student explanations to give an idea of the anticipated grid’s elements (see 
Figure 1). Benjamins’s argument is a generic example (Balacheff, 1988) in which the generality of 
  
the statement can easily be seen. On the other hand, Clara’s argument shows a naive empiricism 
(Balacheff, 1988) with loosely connected examples. To this pool of supplied elements (in our case 
arguments) the teacher’s own argument in favor of that statement is added as another element. Such 
procedure may allow for a more explicit connection between knowledge and beliefs of the 
interviewed teacher. Within a repertory grid, the following evaluation of these arguments is done 
with the help of personal constructs. 
 
Figure 1: Examples of elements in a repertory grid on argumentation 
While supplying constructs is a quick and easy way to begin linking them to elements, respectively 
to evaluate the arguments through them, it is difficult to assure that the supplied constructs mirror 
the conceptions of all interviewees and, furthermore, to assume that the subjects have “an adequate 
understanding of what [the constructs] mean” (Easterby-Smith, 1980, p. 6) seems delicate. The 
exemplified construct “mathematically correct” in Table 1 can be understood very differently. One 
teacher might think of it as the opposite of improper or false whereas another teacher judges the 
arguments correctness by its rigor. As teacher conceptions of mathematical argumentation in 
primary education have not been sufficiently studied, supplying constructs might end in misleading 
interpretations, and results. Hence, it seems more adequate to generate them from triads of 
elements, as it is the classical approach in a repertory grid. 
However, making use of the methodological synergy, an alternative could be to as well emerge 
some constructs during the open question part of the interview. In our exploratory case study 
(Klöpping & Kuzle, 2018), the question “What makes an argument convincing?” lead to a possible 
construct as shown in Table 1. One teacher stated that if an argument is comprehensible then it is 
also convincing. Using this statement as a construct in a repertory grid, the contrasting pole must be 
clear. In this case, the teacher meant it as the opposite of “abstract”. With this understanding all 
arguments, respectively elements, can be rated on a scale from “comprehensible” to “abstract”. This 
way of evaluating and interpreting persons, objects, or situations is the core idea of the repertory 
grid (Kelly, 1955). Moreover, this highlights how open questions from a semi-structured interview 
can contribute to a repertory grid. In return, the linking mechanism of the grid addresses 
quantitative evaluations. 
Following established research methods, we suggest to use a five-point rating scale as the linking 
mechanism, because this lays the basis for a comparison with research using a five-point Likert-
Benjamin’s Argument 
 
I add two even numbers. The sum will be even. Here: 
 
 
 
 
I add two odd numbers and the sum will also be even. 
See: 
 
Clara’s Argument 
 
I add 1 and 2. The result is 3, an odd number. 
 
If I add 5 and 6 then that is also an odd number. 
 
And 7 plus 4 is 11. Which again, is an odd 
number. 
 
  
type scale. Dichotomous scoring, on the other hand, can decide whether an element fulfills a 
characteristic or not, which might be helpful in some cases. The adequate linking mechanism 
depends strongly on the constructs, which signifies that no general decision can be made. 
Conclusion and final thoughts 
Following an alternative approach in researching mathematics teacher conceptions, the repertory 
grid seems to be a promising tool that meets the demands in the context of mathematics education 
research. Especially in a domain where the research objects are intertwined in many ways, the 
repertory grid might help to better understand such multi-faceted phenomena. Furthermore, the data 
provided by a repertory grid can be analyzed from different angles as both qualitative and 
quantitative methods can be applied (Tan & Hunter, 2002). This does justice to a research area 
which in itself has multiple perspectives. As we discussed the methodological approach in general, 
the repertory grid per se is not limited by cultural aspects. Nevertheless, when designing it for a 
certain purpose the educational setting and background of the teachers should not be ignored. This 
especially concerns the selection of elements in a grid as all interviewees should be able to relate to 
them. Additionally, the elements strongly define the emerging data. 
The presented methodological discussion for a repertory grid on teacher conceptions of 
argumentation should be seen as an example in the field of process-related mathematical thinking 
which can be adapted. Replacing the elements, respectively arguments and explanations, with 
student solutions to a problem-solving activity or with different mathematical models of the same 
real-world problem can open the door to a repertory grid focusing on teacher conceptions of 
problem solving or mathematical modeling. Moreover, at CERME10 it was discussed how teacher 
knowledge is related to classroom practice and students’ learning (Ribeiro et al., 2017). This 
demand should probably not be limited to teacher knowledge, but should as well take teachers’ 
beliefs, orientation or attitudes towards mathematical principles, concepts or ideas in an educational 
setting into account. Slightly adapting the presented grid design could be beneficial for exploring 
these relations further. Instead of fictional students’ arguments, real arguments from the teacher’s 
class could be taken. This would link the teacher’s knowledge and beliefs directly to classroom 
practices. 
Concluding the methodological discussion, we plan a qualitative interview study with German 
primary grade teachers on conceptions of mathematical argumentation. From a research 
perspective, our contribution hopefully enriches this research area which can surely take different 
paths. However, this discussion is a call for a methodology which takes strong interconnections into 
consideration, but does not lose the focus on the teacher as an individual being before exploring 
more general structures. 
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